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|. Introduction

Matrix of correlation functions using baryon interpolating

operators By,(X,t) is
Cim(t) = Z (0 By (X,t)Em(f), 0)0)

X

1. Find operators By, that transform irreduciblly under
rotations of double octahedral group. (See also Dr. C.
Morningstar)

2. Show Cin(t) is block-diagonal in the basis of
irreducible operators.

3. Find optimized linear combinations of IR operators by
variational method. (Will be discussed later by Dr. S.
Basak)




Il. Double octahedral group, OP

There are 24 distinct ways to rotate a vectorial object on
cubic lattice. Spinorial degree of freedom doubles the
number of rotations: they form a group known as double
octahedral group.

spatial rotations: +T1/2, Ttabout X, Y, Z axis
+211/3 about four body-diagonal axis
Ttabout six face-diagonal axis
identity

24 -spatial rotations
X 2 -spinor
= 48 group elements

The reduction of the double octahedral group:

IR (dim) J
Gi(2) 1/2 712
o =  Gy(2 5/2 712

H (4) 32 52 72




IIl. Local sources (point or smeared)

3 e G %1) QR0 G

C's are the color indices, f’'s are the types of flavor, and
s are the four-component Dirac indices.

a) Isospin 1/2 baryons

Choose baryonic isospin | =1,=1/2
(mixed antisymmetric)
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Three quarks, Four components

$

can create 4° = 64 states

D D D
20 20 20 4

S. M.A. M.S. A.
Young Tableau for Dirac indices.

= 20 local operators for N*

yi —_— |p2 X O'i’ Vl = p3 ® 1 (in Dirac-Pauli notation)

Table 1: Translation of Dirac index into Sand p.
S = + is taken along z-axis and p = + is taken for upper

:

two-component.

2 3 4
+ - -
+ -
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P-spin and S-spin combinations for nucleon:

| | | |
e ® ® ® QLT 1]

S. M.A. M.S. M.A. M.A. S.

p-spin S-spin p-spin  S-spin p-spin  S-spin
4x2=28 2x2=4 2x4=28
Ga(2) Ga1(2) H(4)

Direct products of spin and p-spin Young tableau for the | =
1/2,1, = 1/2 operators N§E23.

G1 (p =3/2,5=1/2) operators

pP3 (?) S =1/2(row 1) S=-1/2(row 2)

3/2(+) 272N 2-l2N Tt
1/2(-) 6 YN 4NN e VAN 4NN T
~1/2(+) VAN 4N, +N,-) 6VANI 4N, '"4+N )

—3/2(—) 2712N. — 271N, T~




G1 (p=1/2,5=1/2) operators

p3 () S =1/2(row 1) S =—1/2 (row 2)
1/2(-) (12 V2N f-NT"T-NT.D)  —(12 V2Nt -NTTT-NT)
~1/2(+) (12"V2(N[,_-N__,-N'") —(12Y2N'_-N] _-N'"D)
H (p=1/2,s= 3/2) operators
P3 (?) S =3/2(row 1) S =1/2 (row 2)
1/2(-) 2 YN ] 6 V2N "+N__1+N 1)
~12(+)  2VANLL e VAN 4N 4+NIL)

S =-1/2(row 3) S =—3/2 (row 4)
6 V2N _T+N "T+N"T) 2-12N*t Tt
6 V2N __ 4N +N ) 272N




b) Isospin 3/2 baryons

For A" baryons local operator is

++ — U.U.T
AT yyops = Uy U Uy

l, =1/2,—1/2,—3/2 operators can be obtained by
applying isospin lowering operator.

el & Ll L
S. S. M.A. M.A.
p-spin S-spin p-spin  S-spin
4x4=16 2x2=4
H G,

Direct products of spin and p-spin Young tableau for the | =
3/2,1,=3/2 operators (A++)2%3,



Using [ oli3 labels (denote {popis} as totally symmetric
combination),

H (p = 3/2,s= 3/2) operators

% =3/2 $=1/2 S=-1/2 S =-3/2
p3 (?) (row 1) (row 2) (row 3) (row 4)
3/2(+) 111 3-12{112 34112 222

1/2(-)  37Y2{113% 374114} +{123} 371124} + {223} 37V2{224
~1/2(+)  37Y2{133} 371134 +{233} 3 Y144+ {234 3 Y2{244

—3/2(-) 333 31/2{334 371344 444

G1 (p=1/2,5=1/2) operators

pP3 (?) S =1/2(row 1) S =-1/2(row 2)

1/2(—) 271(141-231-321+411) 27 1(142-232-322+412)

~1/2(+) 2°1(143-233-323+413) 2 1(144—234— 324+ 414
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V. One-link sources

Consider the simplest nonlocal operator: 3rd quark
displaced.

— Zsclczcs flcl (X,1) qucz(X t) q (24‘ aei, )UTC/ %

(X)-

— {0x,0y,02,0 x,0_y,0_;+ transform amongst themselves
under group rotations.

The spatial part has six degrees of freedom. They can
be reduced into three irreducible representations known

as A1(1),T1(3), and E(2). This reduction provides new
basis operators for the spatial part.

/4 [ %(E_X+§y+§z+5__xi5_i+5_z) \
L, 7yl (0x = 0—x) +1(0y = 0-y)]
Ls | _ Zﬁa[(Ox—_O—x —i(0y—0-y)|
G| | e a i o @y
5 NG 2 OZ*E—Z —(0x+0-x)— Oy+0_y

\ L ) \ \ﬁ[(ox+0—x)—(0y+o—y)] )

— Now, {L1}, {L2,L3,Ls}, {Ls,Le} transform irreduciblly
under group rotations.
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Note that the form of L;’s corresponds to spherical basis.

basis operators IR  spherical harmonics wave

L1 Ar Yoo S
Lo, L3, Ls T1 Y1+1, Y10 P
Ls,Le E Y (Ya2+Yo) D

Define derivative operators as follows.

D_|_§ = |_2, D_E = |_3, Dog = |_4.

These are the operators with covariant first-derivative
acting on the third quark field.

Eog = L5, Egg = L6.

These are the operators with covariant second-derivative
acting on the third quark field, i.e., Ls —~2D2-DZ-D2, Lg«
DZ — DZ.
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Denote spinorial part of operator B as @ss,, and the
spatial part as Y|m. In order to reduce the set of derivative
operators, one needs to find the coefficient C(S,S; 1, m),

BN & g C(SS;!,m) @ss, Yim,

such that the resultants are the eigenvectors of group
theoretical projection operator:

where d('® = dim of IR, Ng = number of group elements, )(QR) = character of IR for

group element G, and R(Gg) = group representation.

1) Ambiguity of projection operator : all embeddings
and rows are degenerate w.r.t. projection.

2) Convention : use of Clebsch-Gordan coefficients on
discretized spatial basis, Y, (not always possible).

a) — can create most of IR operators

b) — remainders are orthogonal to the obtained IR
operators.
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H first-derivative sources J=3/2, 5/2,...

basis operators P Jz

o w0, B
D+L|J1/2 1/2Jr f Do LIJ1/2 1/2 + 12
i D- LIJ1(/3%’1‘(/2+\[D LIJl(/B; 1/2 T -2
D qﬂl/z k)l/z +  -3/2
\[D+W3/2 12t \[D0W3/2 3/2 T 3/2

V& D+““3/z Lt B kot ADWa1,  F 12

_\[D+ 3/2 3/27L \/7D LIJ3/2 /27 DOW%/Z) 2 Fo71/2

\@D—%z ~1/2 \@DOEWZ,—?)/2 T8/
D+‘4J3/2 1/2+fD LIJ3/2 3/2+ \/—5Dow$23k/)2 +
\/7D+W3/2 ~1/2 T /10 ; Nt LIJ3/2 3/2+ \[DOLP?’/2 1/2 i
D+LIJ3/2 3/2+ \/7D ‘Pg/z 1/2+ \[Dows/z ~12 T

wH K wH K
\/7 ':)erss/zss/zjL pviTe D-W3o T1n+ \/—SDOL'J3/2 ~3/2 +

IR? IR? (IR?
DnPss ' = DuNas ), DeATag, ;s o
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G; first-derivative sources J=1/2

basis operators P
w(G1 ,k 1 (Gi, k)
w(Gi K
\/7 D- LIJ1/2 1/2 DOLP1/2 ~1/2 T 12

wHo) wHD) wHo)

1 1
5P-W3/23/2 1+ 5P+W32 10— \/§D0LP3/2 1/2 + 12

wHH) wH?) wH?)
—%D+W3/27_3/2—\%D_W3/271/2+\%D0W3/27_1/2 +  -1/2

G first-derivative sources  J=5/2,7/2,...

basis operators P Jz

(H*) wH?) (H*)
\1fD+L|J3/23/2Jr \1[D Wao 10+ }Dows/z 32 T

o) o) o)
%@D—Ws/z,—yz \@D+W3/21/2 ¢§D0W3/23/2 +

* No G, operators for local operators!
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Second-derivative one-link sources

EoQ(%t) = 6 Y% 2{2D%q(xt) — |DEa(%t) + DA%}
EQ(%t) = 2 %2 ?|Di(%t) - DAL
basis operators IR P J J Type
— (Gt k
Ezw;(;;;_ >1/2 H o+ 32 32 dyp
— (Gt k
Eo¥ 31 s H o+ 32 12 dyp
_(Gf’k)
V"), H o+ 32 -1/2 dyp
— (Gt k
Ezw(l‘ji’l}z H o+ 32 —3/2 dyp
_H:I: _H:I:
Eowg/z,%/ﬁ EZng/z,)—l/z H = 3/2 32 d3p
_H:I: _H:I:
EoWyntn—EWss as H £ 32 12 dyp
_H:I: _H:I:
EoWyy 10— EWynae H £ 32 —1/2  dyp
o) o)
EoW3/5 30+ E2W3/51 /2 H = 3/2 -3/2 dsp
o) L et
EoWs o1, +E2%30°5, G = 1/2 1/2 dyp
() ()

EoW3p 10 +EW303, G1 £ 1/2  -1/2 dyp

_ H:I: _ H:I:
_Eowg/z,%/z + EZLIJ:(%/Z,)—l/Z G, =+ 5/2 32 dyp

_H:I: _H:t
EoWy,) n tEWy 1, G2+ 52 32 dsp




V. Numerical check of orthogonality

Orthogonality relation:

Z <O‘ B(|R/7g>/7r0\l\/) BT(IR,ﬂ?,rOW) |O> ~ OR1ROp 2 Oronrow
X

Using 20 local, and 60 first-derivative operators, 80x 80
matrix of correlators have been obtained, for both
iIsospin 1/2 and 3/2 operators. The orthogonality
relation is obtained; correlation functions between
different IRs, parities, or rows (corresponding to S,) are
zero within one errorbar.

Representative graph of correlation functions

Different IRs

<G1l,+ve,rl1 H,+ve,r1>

4e-09

2e-09

C(t)
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-4e-09 |
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Different parities

1le-08

5e-09

C(t)
o

-5e-09

-1e-08

Different rows

1le-08

5e-09

C(t)

-5e-09

-1e-08

<Gl,+ve,r1 G1,-ve,rl>

5 10152025303540455055 60
Time

<Gl,+ve,r1 G1,+ve,r2>
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18



same source and sink (local)

C(t)

1le-07 ¢

1e-08

1le-09 |

le-10 |

<Gl,+ve,rl Gl,+ve,rl>

i

5 10 15 20 25 30 35 40

Time
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same IR, parity, row <local nonlocal

C(®

1le-10

le-11

Different IRs

3e-09 |
2e-09 |

1le-09 |

C(t)

-1e-09

-2e-09 |

-3e-09

<G1,+ve,rl,local G1,+ve,rl,1st-deriv>

5 10 15 20 25 30 35 40
Time

<local nonlocal >

<G1,+ve,rl,local H,+ve,rl,1st-deriv>

5 1015202530354045505560
Time
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Different parities  <local nonlocal >

<G1,+ve,rl,local G1,-ve,rl,1st-deriv>
3e'09 AL BLELELELE LELEL LA BLELEL AL UL LA BLELELELE BLELEL AL BLELALELE BLELELALE BLELAL LN BLELELELE BLELELELE B

2e-09 | ]

le-09 |

C(t)
o

-1e-09

-2e-09 ]

_3e_09 AP I PP PP P I PP PP I P PP I B
5 101520253035404550556

Time

Different rows <local nonlocal >

<G1,+ve,rl,local G1,+ve,r2,1st-deriv>

1le-09 e
5e-10
5
-5e-10
-le-09 *H—t

5 10152025303540455055 60
Time
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VI. Technique to increase statistics

The dimension of H is four (row 1, row 2, etc.).
Operators from different rows of the same embedding

of an IR give on average equal correlation functions,
< B(IR,;rowA) gT(IR,rowA) S—c B(IR,rowB) gT(IR,rowB) >

diagonal correlation functions of local, H, 1 =1,=1/2
. <rowl rowl> —x<—
1e-07 <row3 row3> —e— -
]*[ <row4 row4> —H—

1e-08 r

C(t)

1le-09 r

le-10 r

Correlation functions of different rows within the same IR
can be averaged configuration by configuration to have
better statistical ensemble.
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VIlI. Summary and outlook

e Lots of irreducible operators for baryons (local, one-
link) have been constructed.

e Local IR operators are simple based on the
symmetries of P spin and two-component S spin.

e Nonlocal operators are reduced into three IRs,
A1(1), T1(3), and E(2), corresponding to S, P, and
D.

e Orthogonality relations are verified numerically.

Z <O| B(IR’)g)/,rOV\/) BT(lR,?,rOW) |O> ~ 6I R’|R6T/?6I’OW’I'OW
X

e The equality of correlation functions of different “rows”
Is checked numerically. They can be averaged
configuration by configuration for better statistical
ensemble.

e Using the basis of IR operators of double octahedral
group, matrix of correlation functions can be
obtained. By the variational method, optimized linear
combinations of basis operators can be found. (Will be
discussed in Dr. S. Basak'’s talk.)
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Obtained IR operators can be used for /A (nucleon
type), and =7, =° and Q~ (delta type) baryons with
changing flavor(s) of quark(s).

More complicated spatial distribution of valence
guarks needs to be considered to have richer angular
distribution of baryon. (Will be discussed in Dr. C.
Morningstar’s talk.)

Radial excitation using different smearing widths will
enrich the spectrum.

Similar group theoretical construction of operators are
applicable to hybrids and pentaquarks.
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